Abstract: Using a spontaneous parametric down-conversion process to create entangled spatial states, we compare the information capacity associated with measurements in the HermiteGaussian and Laguerre-Gaussian modal basis in an optical system of finite aperture. We show that the cross-talk imposed by the aperture restriction degrades the information capacity. However, the Laguerre-Gaussian mode measurements show greater resilience to cross talk than the HermiteGaussian, suggesting that the Laguerre-Gaussian modal set may still offer real-world advantages over other modal sets. 
Introduction
There is currently interest in the use of spatial optical modes for encoding both quantum and classical information [1] [2] [3] . At the most fundamental level, a photon has many degrees of freedom: polarisation, frequency, position, spatial mode, etc., any one of which can be used to encode information; all create additional channels. Within the quantum context, some of these degrees of freedom are incompatible. For example, the extent to which one can encode information simultaneously and independently on both the position and momentum variables is limited by the uncertainty principle. The same limitation is true for angular position and angular momentum [4] .
Angular momentum is usually associated with the photon spin, but as recognised in 1992 [5] , the orbital angular momentum (OAM) is associated with the spatial optical mode. Many groups around the world have considered both the fundamental properties and possible applications of OAM [6] . In particular, one area where OAM seems to provide new opportunities is in optical communication. Following a simple demonstration of OAM multiplexing in 2004 [7] , many groups have pursued this line of study [3] , reaching terabit data rates [8] . Investigations using these angular momentum-carrying modes have also led to new tests of quantum mechanics in high-dimensional state spaces [9] and angular test of the EPR paradox [4] . Beyond these explorations of quantum mechanics has been the use of Laguerre-Gaussian modes for encoding information in the photon s spatial degree of freedom [7] , thereby increasing the amount of information that can be carried by a single photon [8] . The Laguerre-Gaussian (LG) modal set is a discrete cylindrical basis, and just one of the orthogonal bases in which any arbitrary light beam can be represented. What sets the LG modal set apart from other modal sets is an azimuthal phase-term, given by exp(−ilθ), that describes a helical phasefront and hence the OAM corresponding to l per photon [5] . These modes also have a radial mode index, p, giving the number of concentric, high-intensity, rings in the transverse cross-section. The LG mode described by the indices l, p can be compared to the more familiar Hermite-Gaussian modes (HG) described by the indices m, n that are frequently observed from misaligned laser cavities.
Interestingly, the HG and LG modes are related to each other in that a suitably specified pair of cylindrical lenses transform any HG mode of indices m, n into a LG mode of indices l, p, where l = m − n and p = min(m, n) [10] . For both modal sets of order N = m + n = |l | + 2p there are N + 1 orthogonal modes (table 1) . Table 1 . Hermite-Gaussian and Laguerre-Gausian mode indices and intensity profiles for mode order N ≤ 3. The arrow on the LG modal cross-section indicates the sense of the azimuthal phase term.
Mode
Hermite
When applied to the encoding of information, it might be expected that all modal sets offer the same information capacity, where the number of modes that can be transmitted with low loss is comparable to the Fresnel number of the optical system [11] . Put simply, for beams of a given radius, modes of higher order diverge more quickly [12] , requiring a collection telescope of larger aperture. The aperture required scales with the number of orthogonal modes one wishes to measure. If arbitrarily high levels of loss can be tolerated then this number of orthogonal modes is, in principle, unbounded: see for example literature on superoscillations [13, 14] .
Over the years, there have been many method reported for both the generation and transformation of optical spatial modes. However, for generation and measurement at the single-photon level, the most common method to generate and measure these modes is the use of diffractive optical elements to imprint the required phase onto a Gaussian beam, creating an approximation to the desired mode in the far-field [15] . This technique has also been extended to create modes with p > 0 by the inclusion of a radial discontinuity into the diffractive pattern [16] . Rather than using elements of a fixed design, it is now commonplace to implement these diffractive elements using programmable spatial light modulators (SLM), thereby allowing practical switching between different states [17] .
In addition to generation, the same SLM approach can be used for detection, where an incident mode is phase-flattened by the spatial light modulator such that it can be coupled into the fundamental mode of a single-mode fibre [18] . Unlike the cylindrical lenses discussed above, a phase-only spatial light modulator, when illuminated with a Gaussian mode, creates only approximations of the desired mode. This is particularly evident in LG modes in that the orthogonality of modes requires amplitude-sensitive detection. However, in using this phase-only approach, what is lost in modal fidelity is offset by the ease of use and generality of the conversion process. More sophisticated designs of diffractive element can produce purer modes, but only at the expense of reduced conversion efficiency [19] .
The equivalence in the Fresnel number capacity limit for all spatial modes based upon their mode order does not mean that all systems are equal. From a technological perspective some spatial modes are easier to generate or detect than others: certain spatial modes might correspond to the eigenmodes of a particular transmission system, and hence exhibit reduced cross talk, or be robust to specific aberrations [20] or symmetry shifts [21] . But in general, for a fixed Fresnel number, and therefore a limiting channel capacity, there is superficially no reason to favour one modal set over another. However, the experimental comparison between LG and HG modes is more complicated. The trade-off between the measured orthogonality between modes, transmission loss and size of a truncating aperture is complicated. The present work seeks to compare the information capacity of a LG and HG modal basis in the measurement of the quantum correlations between spatial modes.
Method and results
For the purpose of this study, there are two length scales of importance. Firstly, the lateral scaling of the phase term of Hermite or Laguerre modal polynomial as programmed onto the SLM; secondly, the aperture of the Gaussian mode as defined by the detection fibre and imaged to the plane of the SLM. It is the ratio of these two length scales in the plane of the SLM that defines the detail of the modal measurements and ultimately the degree of orthogonality between the measured modes.
In a classical communication system, one can analyse its information capacity by considering the correlations between the various input and output states; in our case these states are spatial modes. A matrix of probabilities can than be assambled, P i , j , for the transmission of mode i and detection of mode j. We can then express this matrix in terms of predicted conditional probabilities for a measurement of mode i given a transmission of mode j, of P i | j . The information capacity associated with using these modes in a communication or processing system can then be quantified by a calculation of the mutual information given by [22] Bits per photon = i , j
In a quantum system based upon parametric down-conversion, rather than having a transmitted and detected mode, two detected modes are present instead, measuring the spatial mode of the signal and idler photon respectively. The matrix of probabilities describes now the joint detection of mode i and mode j. Similarly the conditional probability is for the detection of mode i given the detection of mode j.
Modelling
In the analysis and subsequent experiment that follows it is assumed that the measurement of spatial modes is undertaken using an SLM to impart the transverse phase structure on the fundamental mode of an optical fibre. This approach is widely used in both classical and quantum experimental systems [1, 2, 7, 23] .
Assuming the use of a phase-only structuring of the Gaussian intensity profile, the information capacity, based upon the matrix of probability P i , j is then calculated for a range of lateral scaling, with the scale of the mode expressed as a ratio of the size of the mode to that of the measurement fibre. Figure 1 shows a range of correlation matrices for various ratios, calculated for 10 modes covering all modes of mode order N≤3. These predicted correlation strengths were calculated from the overlap integral between the two modes, which were themselves calculated as the Gaussian fibre mode modified by the phase profile imparted by the SLMs. The correlation strengths between all the possible modes can be calculated for different ratios between the size of the mode specified by the SLM and the size of the fibre mode thereby allowing the total mutual information to be calculated as a function of this ratio. Figure 1 also shows the relationship between the ratio of length scales and the mutual information carried by each photon for both LG and HG modal sets.
It is important to note that for all aperture ratios the information capacity of the LG modes equals, and more often exceeds that of the HG modes. This advantage of the LG modal set is readily understood since all modes of different l remain orthogonal to each other irrespective of the size of the circular, on-axis, aperture, i.e. the helicity of the phasefronts is unchanged by the aperture. Therefore it follows that irrespective of the aperture ratio, for an LG modal set, the minimum number of orthogonal modes is 2N+1, which represents a limiting value for a system with a non optimal aperture ratio. However, the strengths of the correlations between highly correlated modes still depends upon the modes itself (e.g. the strongest correlation is between l = 0, p = 0 and l = 0, p = 0). This non uniformity between correlations reduces slightly the mutual information below that which might have been expected from the number of orthogonal modes alone.
By contrast, when dealing with HG modes with a non-optimal aperture ratio, the number of orthogonal modes should not exceed 4. This is limit arises from the symmetry of the modes with can only be either symmetric (EVEN) or antisymmetric (ODD) in the vertical and horizontal axis. Specifically, the symmetry of the modes can be EVEN-EVEN, ODD-ODD, ODD-EVEN or EVEN-ODD, i.e. in the case of restricted aperture, there are only four orthogonal states which limits the information capacity accordingly.
It is important to consider when restricting measurement to a phase only structuring of the detected modes that the LG and HG modal set are not themselves quite optimal. As has been noted previously one can modify slightly the nodal positions within the modes to maximise their orthogonality, even used in conjunction with a measurement fibre of fixed size [23] . For both the modified HG and modified LG modes, the lateral and radial discontinuities in the diffractive element design can be perturbed such that a completely orthogonal modal set can be obtained for a specific lateral scaling with respect to the defining fibre. However, for our specific case of N≤3 the optimal aperture close approaches the maximum of N n=0 (n + 1) even without this optimisation step (especially for the LG set). Note that the maximal bits per photon doesn't peak where the ratio between mode waist as specified on the SLM and fibre equals one. This is due to the fact that for a given size of fibre mode the beam waist of the best fit Laguerre-Gaussian mode is a complicated function of both l and p. In general the waist of the resulting LG mode is smaller than that of the fibre mode, hence why the maximum mutual information occurs for ratios <1. (n + 1) ).
Experiment
Our experimental system (Fig. 2) comprises of a CW laser at 355 nm pumping a 3 mm-long crystal of BBO to obtain down-converted signal and idler fields at 710 nm. A longpass filter immediately after the crystal blocks the pump beam and transmits only the 710 nm signal and idler photons. The signal and the idler beams are separated on a beam splitter and the plane of the crystal is imaged, by the use of the lenses f1 (f=200 mm) and f2 (f=400 mm), onto two separate SLMs. The planes of the SLMs are themselves imaged, by use of the lenses f3 (f=600 mm) and f4 (f=2 mm), to the entrance facets of single mode fibres that are connected to single photon detectors. The outputs of the photon detectors are then connected to a coincidence counter and the coincidence rate is recorded as a function of the measurement states specified by the SLM. In this set up the effective waist of the near-Gaussian fibre-mode in the plane of the SLM is a 2 mm diameter. Fig. 2 . Experimental set-up. A 355 nm is used to pump a BBO crystal producing spatially correlated photon pairs. The plane of the crystal is imaged onto two separate SLMs that are themselves imaged onto the entrance facets of single-mode fibres. These fibres are connected to single-photon counters allowing the coincidence count rate to be measured as a function of signal and idler modes.
The physics of parametric down-conversion means that despite the pump beam being a single transverse mode, the down-converted light is emitted into many spatial modes [24] . However, as now demonstrated by numerous groups worldwide, momentum conservation within the down-conversion process means that whenever the SLMs are programmed to detect modes that are complex conjugate of each other, the coincident count rate between the two single-photon detectors is high [9, [25] [26] [27] . In our laboratories, such configurations have been used to show EPR-like correlations for orbital angular momentum -angle states [4] and violations of Bell-like inequalities [28] .
In these present experiments the strength of the correlations between signal and idler spatial modes is measured as defined in either the Hermite-Gaussian or Laguerre-Gaussian modal sets following our numerical analysis above. The result is a measured correlation matrix with each element giving the coincident count rate, MC i , j , for the joint detection of modes i and j (Fig. 3) . These matrices differs from those simulated especially for elements with low-count rate where accidental coincidences arising within the gate time, ∆t, of counting electronics give weak correlation. Complications can also occur at small measurment waists where SLM pixilation becomes significant as seen in previous experiments [23] . Given a count rate on the two individual detectors of S i and S j the accidental coincidence rate is estimated as S i × S j × ∆t allowing us to define a quantum contrast expressing the strength of the correlation as a ratio to that expected from classical events [29] , (n + 1) ). The raw data used to produce this figure is available in a data archive (Dataset 1) [30] .
The visual agreement between these measured and simulated correlation matrices is striking. However, closer inspection reveals that the zeros in the measured matrices are not perfectly zero.
These non zeros arise from either a modal impurity of the pump leading to a weakening of the correlation, or slight cross-talk in our modal measurements. Either of these issues would impact upon the deployment of a system, but in this work we are interested in the properties of the modes. Therefore in order to illustrate the underlying behaviours of the modes themselves, a background subtraction of the noise from these matrices was made prior to a calculation of their information capacity. This background noise was assessed by taking mid range value of all the matrix elements that appeared in the simulation as zero and subtracting this value from all the measurements within each matrix.
The experiment was then performed for each aperture ratio 10 consecutive times calculating for each run the corresponding bits per photon (bpp). The graph showing the experimental results for the bop as a function of the waist ratios was then calculated from that data by plotting the average of the 10 runs and using the standard deviation of the data to calculate the error bars (see Fig. 3 ).
It is important to note that the features and trends that our modelling predicted can also be seen in the experimental result. The information capacity of the LG and HG experimental measurements are slightly below those predicted which can be attribute to the difficulties in making high contrast modal measurements.
Discussion
In this work it has been shown that for the case of restricted transmission and or measurement aperture that information capacity of the LG modal set may exceed that of the HG set. In comparing the simulations with the data analysis it is important to note the importance of QC. In our simulations it is sufficient to calculate the correlation matrix and resulting mutual information based on the strengths of the predicted correlations alone. In our experiments there is a need to account for the dark counts of the detectors, uncorrelated single counts, and the resulting background of accidental correlations, hence in comparing our results to those modelled we use quantum contrast which compensates for this background effect. Also, for our experimental results, we restricted ourselves to the representative case of a modal set of 10 modes, i.e. modes of order N≤3. However, the principle extends to other mode orders, see for example Fig. 4 comparing the bpp for N=2,3 and 4.
Although these results consistently show a superiority of the LG over the HG measurement set, this is only calculated for the specific case of all the apertures being co-axial and the advantage of the LG set does not necessarily extend to an axis displacement. Another factor not considered here is that although the LG set may maintain their orthogonality better than the HG, the losses associated with the two sets are not equivalent. Pure LG modes exhibit zero on-axis intensity: hence, a restricted aperture may introduce additional loss compared to the HG, which in a signal-staved environment will further reduce the information capacity. The extent of this loss, and the significance of this on the bpp, depend upon the intensity structuring of the modes and therefore, to the precise measurement plane and should be considered in full within any experimental embodiment of a system.
Conclusions
We have presented an example where not all modal set are equivalent, and the optimum choice of set depends critically upon the boundary conditions of the experiment and the requirements of the free-space optical link. Considerations of the information capacity of different modal sets applies both to classical and quantum systems. Here, we chose to use a correlated single photon system and coincident measurement to illustrate the effect of modal choice, thereby stressing the relevance of this present work to the recent work of others. However, it is important to realise that our results and conclusions apply to the classical systems too where the two modes are the transmitted and received modes in a communication link.
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